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Abstract
The emission of tµ atoms in a two-layer arrangement consisting of H/T and D2 is investigated with an alternative
kinetic model. The slowing down of tµ(1s) atoms in pure deuterium and their falling down into resonance regions
force chemical confinement fusion (µCF). By considering the resonance escape probability of tµ(1s) atoms, point
kinematic equations are numerically solved to obtain the muon conversion efficiency and also the cycling coefficient.
Under the optimal condition we show that the µ-cycling coefficient and the efficiency equal 104.5±2.5 and ∼0.7%,
respectively. Our model is compared with previous suggestions. The muon conversion efficiency is estimated for a
possible design and compared with recent experimental results for H/T ⊕ D/T.

1. Introduction

Negative muons (1–10 MeV) can stop and form muonic atoms
(µt, µd and µp) in different solid hydrogen targets cooled to
3 K [1, 2]. Such atoms, created in the excited states, cascade
to the ground state quickly (10−12 s) [1], where their energy
is much higher than the thermal equilibrium energies. The
scattering reactions,

pµ(1s) + H2−→pµ(1s) + H2, (1)

tµ(1s) + H2
σ el.

s (E)−→ tµ(1s) + H2, (2)

can take place in the H2/T2 targets. The solid target including
a mixture of protium with a small concentration of tritium
is a powerful source of energetic tµ(1s) due to the so-called
Ramsauer–Townsend (RT) effect. In most cases (70–75%) the
muon transfers from µp to a triton [3, 4], forming µt atoms
as follows:

pµ(1s) + t
λpt(E)−→ tµ(1s) + p. (3)

In reaction (3), the muonic tritium atom has a relatively high
kinetic energy, about 45 eV. λpt(E) is the isotope exchange
rate versus energy [5]. These atoms subsequently lose their
energy in elastic collisions (2), until the energy reaches the
range of the RT minimum in the cross section σ el.

s (E). Then
the mean distance between collisions increases and the H2/T2

layer becomes effectively transparent for the µt atoms. The

use of RT minimum for the purpose of selecting muonic atoms
of a certain range of low energies has long been discussed in the
muon-catalysed-fusion community. The research group of [3]
selected this target as an emitter of µt atoms and kept the D2

targets frozen on it to allow muonic molecules to be formed
resonantly. In principle, they proposed an arrangement which
repeats formation and fusion layers periodically, as given in
figure 1. They wrote point kinematics equations for their
system, where a much larger value of the cycling coefficient
is claimed under inaccurate assumptions. In this paper, we
focus on a multilayer source of slow muon/muonic atoms to
study thin materials. Our model and methodology are given
in section 2. In section 3, we present and discuss our results.
Conclusions, as well as the future perspectives of this study,
are given in section 4.

2. Our model and resonance escape of emitted
muonic atoms

According to the experiments [6, 7], the energy of a released
muon from dtµ fusion is about 10 keV. The 10 keV (or below)
muons have less chance to be released from the surface of the
fusion layer. Such muons stop in the range of lµ ≈ 0.3 µm due
to high stopping power. The muon conversion efficiency from
∼1 MeV to 10 keV is estimated to be a little more than 0.01
in the arrangement H/T ⊕ D/T. RIKEN-RAL, PSI and KEK
muon facilities reported that the probability of a muon entering
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Figure 1. The suggested system of the research group of [3].

Figure 2. Diagram of the target. It includes the first layer as the
production layer and the second as the fusion layer. The x-axis
shows the beam axis (reactor axis). The thickness of the degrader is
approximately �58 µg cm−2.

the next layer is of the order of up to 1%, under the condition
that the thickness of the fusion layer D/T becomes �1 µm
[6, 7]. However, the thickness of each fusion layer used in [3]
was about 5 µm, where the efficiency of slow µ− production
is substantially smaller due to a slower molecular formation
rate in D2 and a larger muon sticking probability to 3He after
fusion. Here, we propose an arrangement, which includes only
two layers, as given in figure 2. One of the key steps of the
present system is the dtµ resonance formation,

tµ(1s) + (D2)νi,Ki

λres.
dtµ(Er )−→ [(dtµ)∗Jν=11dee]∗νf ,Kf

. (4)

(νi, Ki) and (νf , Kf) are the vibrational–rotational quantum
numbers of the deuterium molecule and the molecular
complex, respectively. Er (r = 1, 2, 3) is the energy of the
resonance peak, where E1 = 1.5, E2 = 1 or E3 � 0.5 eV.
The dtµ molecular ion is formed in a loosely bound state
(J = 1, ν = 1) [8]. The high yield of muon catalysed
fusion µCF was predicted theoretically [9, 10] on the basis
of the Vesman mechanism of dtµ resonance formation [10]
and was confirmed experimentally [11]. The first layer with
an impurity ct ∼ 10−3 and a thickness of ∼1 mm efficiently

Figure 3. The resonance formation [13, 14] and elastic scattering
rates [15]. Emitted µt atoms may match the resonance energy
intervals.

converts the stopped muons into a µt atom beam, where large
fractions of the muons transfer from µp atoms to triton nuclei.
The emitted atoms can significantly form muonic molecules
via reaction (4). Before resonance reactions take place, the
emitted atoms are degraded using an amount of deuterium
(�58 µg cm−2). This amount of material is a part of a layer
of the whole D2 layer, as shown in figure 2. We define
NCon.

µt (t) to be the population of µt atoms emitted from the
surface of a degrader. The mean energy of the degraded atoms
equals Ē0 = 2.2 eV [12]. These atoms fall down to reach
the resonance regions of figure 3 [13–15]. Since the tµ(1s)
atoms are neutral and very small, they lose their energy and
fall down similar to neutrons [16]. The probability of falling
down into the resonance energy interval δEr is calculated by
the fraction δEr/Ē0(1 − α), where δEr approximately equals
≈0.337–0.382 eV. α denotes the collision parameter in the
scattering of µt atoms and equals ((mµt − md)/(mµt + md))

2.
The parameter α means the ratio of the minimum energy to the
initial energy of tµ(1s) during collision. The point kinematic
equations for the two-layer arrangement are introduced as
follows. The equation set,

dN0
µ(t)

dt
= −(λ0 + λaφ0)N

0
µ(t), (5)

dN0
µt1s

(t)

dt
= 0.25φ0ctλptNµp1s

(t) − λ0N
0
µt1s

(t) + φ0ctλaN
0
µ

−φ0cpλptµN0
µt1s

(t) − φ0ctλttµN0
µt1s

(t), (6)

dNµp1s
(t)

dt
= −λ0Nµp1s

(t) − φ0ctλptNµp1s
(t) + φ0cpλaN

0
µ(t)

−φ0cpλppµNµp1s
(t), (7)

dNptµ(t)

dt
= φ0cpλptµN0

µt1s
(t) − (λf

ptµ + λ0)Nptµ(t), (8)

dNttµ(t)

dt
= φ0ctλttµN0

µt1s
(t) − (λf

ttµ + λ0)Nttµ(t), (9)

is for the first layer and the set,

dNµ(t)

dt
= −(λ0 + λaφ)Nµ(t) + λf

dtµNdtµ(t)(1 − ωeff.
s )

+ λf
ddµNddµ(1 − 0.58ωdd), (10)

2
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Table 1. The used rates (s−1) and other design parameters of the two-layer arrangement.

λ0 Muonic decay rate 0.455 × 106 [22]

λa Muonic atom formation rate (3.9–4) × 1012 [5, 23]

λttµ ttµ formation rate 1.8 × 106 [1]

λptµ ptµ formation rate 7.5 × 106 [24]

λppµ ppµ formation rate 3.21 × 106 [25]

λ̃
3/2
ddµ ddµ3/2 formation rate 2.71 × 106 [18]

λ̃
1/2
ddµ ddµ1/2 formation rate 0.044 × 106 [18]

λ̃
3/2 1/2
dµ Spin flip rate 34.2 × 106 [18]

λpt Isotope exchange rate 0.93 × 1010 [5]

λdtµ Non-resonant formation rate of dtµ 3 × 108 [23]

f non. Fractions of µt that do not make the resonance �0.55 ± 0.03 This work

λres.
dtµ(0.5 eV) Formation rate of dtµ in E � 0.5 eV �(0.81–0.89) × 1010 [13, 14]

λres.
dtµ(1 eV) Formation rate of dtµ in E = 1 eV �0.27 × 1010 [13, 14]

λres.
dtµ(1.5 eV) Formation rate of dtµ in E = 1.5 eV �0.146 × 1010 [13, 14]

λf
ttµ Fusion rate for ttµ 1.5 × 107 [26]

λf
ptµ Fusion rate for ptµ 7 × 104 [27]

λf
ddµ Fusion rate for ddµ 0.31 × 109 [22]

λf
dtµ Fusion rate for dtµ 1.1 × 1012 [5]

ωeff.
s Muon sticking in dtµ branch �0.005 [19]

ωdd Muon sticking in ddµ branch �0.122 [18]

dNddµ(t)

dt
= φ(λ̃

3/2
ddµN

3/2
µd1s

(t) + λ̃
1/2
ddµN

1/2
µd1s

(t))

−(λf
ddµ + λ0)Nddµ(t), (11)

dNdtµ(t)

dt
= φλ̃dtµNCon.

µt (t) − (λf
dtµ + λ0)Ndtµ(t), (12)

dN
3/2
µd1s

(t)

dt
= −λ0N

3/2
µd1s

(t) − λ̃
3/2
ddµφN

3/2
µd1s

(t) +
2

3
λaφNµ(t)

−λ̃
3/2 1/2
dµ φN

3/2
µd1s

(t), (13)

dN
1/2
µd1s

(t)

dt
= −λ0N

1/2
µd1s

(t) − λ̃
1/2
ddµφN

1/2
µd1s

(t) +
1

3
λaφNµ(t)

+λ̃
3/2 1/2
dµ φN

3/2
µd1s

(t), (14)

NCon.
µt (t) � 75

100

Yd

Y0
Nµp1s

(t), (15)

dXc(t)

dt
= λf

dtµNdtµ(t) + λf
ddµNddµ(t), (16)

for the second layer. In equation (10) the sticking of muon to
tritium was neglected due to high stripping probability. The
ratio Yd/Y0 is the probability that tµ atoms are emitted from
the surface of the degrader with thickness d, where these atoms
have the mean energy 2.2 eV. Yd(Y0) is the tµ-emission yield
for d � 58 µg cm−2(d = 0) [12]. ωeff.

s is the effective sticking
for the cycling branch of dtµ, and ωdd that for the ddµ branch.
λ̃dtµ(s−1) is the effective formation rate for the arrangement.
We define
λ̃dtµ = λ̃res.

dtµ + λ̃non.
dtµ ,

λ̃res.
dtµ ≈ (1 − α)−1

3∑

1

δEr

Ē0
λres.

dtµ(Er)

r∏

1

P (r), (17)

λ̃non.
dtµ ≈ f non.λdtµ, f non. = 1 −

3∑

1

δEr

Ē0(1 − α)

r∏

1

P (r),

where
∏r

1 P (r) is the resonance escape probability. The
resonance escape probability means the probability that
degraded atoms of tµ(1s) are not absorbed before falling
into the energy Er , where P (1) � 1, P (2) � 0.94 and
P (2)P (3) � 0.67. (δEr/Ē0(1 − α))

∏r
1 P (r) approximately

denotes the fractions of the µt atoms falling into the
resonance energy Er , and f non. the fractions of them that
do not participate in the resonance. λ0 and λa are the
muon decay constant and the muonic atom formation rate,
respectively. λf

xxµ(x = d, t) and λf
ytµ(y = p, d) are the

fusion rates of the symmetric and asymmetric three body,
respectively. λ̃

3/2
ddµ(λ̃

1/2
ddµ) and λ̃

3/2 1/2
dµ are the formation rate

of ddµ3/2(ddµ1/2) and the spin-flip of dµ(F = 3/2) in solid
deuterium. λppµ, λttµ, λdtµ and λptµ are the non-resonant
formation rates. The used rates and other design parameters
of the two-layer arrangement are given in table 1. φ0(φ)
is the relative number density of H/T (D2) in units of LHD
(1 LHD = 4.25 × 1022 cm−3). N

( )

( ) (t) is the evolution of
the density of muon/muonic atoms or molecules in the layers
(averaged density over the whole layer), where their role
appears in the muon cycling coefficient Xc and also in the
muon conversion efficiency.

3. Results and discussion

The muon conversion efficiency and the production of a tµ
atomic beam depend on four factors. First, the muon transfer
from protium to tritium competes with molecular formation
ppµ. Therefore, the tritium concentration must be chosen
under the condition ct � cpλppµ/λpt(�0.35 × 10−3). Second,
the thickness of the production layer must be comparable
to the mean range of tµ in the same layer. Third, the
H/T thickness must be larger than the distance range of the

3
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Figure 4. The muon population in the production layer N0
µ(t) by

assuming that there is no muon leakage. The shadowed region
shows the error corridor for the variation parameter
λa = (3.9–4) × 1012 s−1.

incident muons (Lµ). Fourth, the degrader thickness must
be selected under conditions where the mean energy of the
muonic tritium atom becomes a little more than Er=1 � 1.5 eV
and also the tµ-emission yield is fairly large. With increasing
thickness of the deuterium layer, large fractions of µt atoms
are thermalized. To obtain such optimal conditions, the data
for the production layer (φ0 = 1.2, ct = 10−3, Lµ ≈ 0.4 mm),
the density φ = 1.43 for D2 and the thickness value of the
degrader are extracted from recent experimental and theoretical
works [1, 4, 12, 17, 18]. We have also used an accurate value of
muon sticking from the literature data [19] and substituted in
the rate equations. The muon sticking process is divided into
two processes, initial sticking and a subsequent reactivation
process, ωeff.

s = ω0
s (1 − R), where R is the reactivation

probability and ω0
s is the initial sticking probability. Since

the initial sticking is a process immediately after a nuclear
reaction, it is implied that the reactivation process depends
on the temperature and density. The muon sticking ωeff.

s
equals ≈0.005 in the deuterium solid target kept at 3 K [19].
Assuming that there is no muon leakage from the first layer and
employing the normal deuterium material at temperature 3 K,
the populations N0

µ(t), Nµ(t) and NCon.
µt (t) are obtained and are

given in figures 4–6. The different values of Xc are presented
in table 2. The muon cycling coefficient strongly depends
on the population NCon.

µt (t), the resonance escape probability
of tµ and also the resonance energy intervals. We obtain
the muon conversion efficiency (εµ) as follows. εµ can be
estimated simply to be the ratio of the range of the 10 keV-
muon(lµ) with respect to the range of an incident 1 MeV-
muon(Lµ), multiplied by the square root of the number of µCF
cycles, (Xc)

1/2. We see that the muon conversion efficiency
depends on the population of slow muons in the second
layer. Table 2 shows our results of the conversion efficiency.
We have solved the standard equations (5)–(16), using the
LSODE code.

4. Conclusions

This paper proposes a scheme which exploits the RT effect to
obtain a beam of tµ atoms, which are slowed down in a layer of
solid deuterium and form the dtµ molecule, which is the most

Figure 5. The muon population in the fusion layer Nµ(t) under the
optimal condition. The shadowed region shows the error corridor for
the variation of fractions of µp atoms transferred to tritium nuclei.

Figure 6. The population of µt emitted into the fusion layer
NCon.

tµ (t) under the optimal condition. The shadowed region shows
the error corridor for the variation of fractions of µp atoms
transferred to tritium nuclei.

important source of fusion reactions. The calculations have
been performed by numerically solving the coupled equations
for the population of the atomic and molecular species involved
in the process. In comparison with periodical multilayers, we
have found that the present two-layer arrangement is sufficient
for muon cycling due to the high stopping power of slow
muons. The released muons from fusion have less chance
of entering into the third layer. The populations N0

µ(t) and
Nµ(t) describe this fact. The muon population in the first
layer is much more than that in the fusion layer. Table 2
presents our results of the muon cycling coefficient Xc and
also the muon conversion efficiency εµ under conditions that
most of the µp atoms transfer to tritium nuclei. The accuracy
of the results obtained in the context of the assumptions made
has been shown as error corridors in figures 4–6. The same
table includes the optimized values for Xc and εµ. Under
the optimal condition ct = 10−3, φ0 = 1.2 and φ = 1.43,
the value of Xc equals 104.5 ± 2.5. In comparison, authors
of [3] used the tritium impurity ct = 0.005 (�5 times larger
than the present value) and obtained Xc = 165. Since large
fractions of tµ atoms are absorbed before they fall down to
∼0.5 eV, the assumption of the authors of [3] (taking λ̃dtµ =
0.71 × 1010) is not correct. The numerical calculations have

4
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Table 2. The calculated values of Xc and muon conversion efficiency εµ for the six sets (ct = 0.001, φ0 = 1.2, φ = 1.43), (ct = 0.001,
φ0 = 1.46, φ = 1.46), (ct = 0.0012, φ0 = 1.2, φ = 1.43), (ct = 0.0012, φ0 = 1.46, φ = 1.46), (ct = 0.005, φ0 = 1.2, φ = 1.43) and
(ct = 0.005, φ0 = 1.46, φ = 1.46).

λ̃dtµ ct φ0 φ Xc εa
µ

(0.177–0.187) × 1010 0.001 1.2 1.43 104.5 ± 2.5 0.75–0.77%
(0.177–0.187) × 1010 0.001 1.46 1.46 88 ± 2 0.69–0.71%
(0.177–0.187) × 1010 0.0012 1.2 1.43 91 ± 3 0.7–0.72%
(0.177–0.187) × 1010 0.0012 1.46 1.46 76.5 ± 1.5 0.65–0.66%
(0.177–0.187) × 1010 0.005 1.2 1.43 26.5 ± 0.5 0.38–0.4%
(0.177–0.187) × 1010 0.005 1.46 1.46 22.5 ± 0.5 0.35–0.36%

a It was experimentally estimated to be of the order of up to 1% for the
arrangement H/T ⊕ D/T [6].

been performed using the LSODE computer code which the
research group of [3] used. The originality of this code is
presented in [20]. For the present arrangement H/T ⊕ D2, εµ

equals ∼0.7% under the optimized condition. In comparison,
it has experimentally been estimated to be of the order of up
to 1% for the arrangement H/T ⊕ D/T [6]. When lµ(Xc)

1/2

exceeds the thickness of the fusion layer, the generated muons
may have a chance to be released from the surface of the
fusion layer. This parameter is comparatively smaller for the
arrangement of figure 2. To confirm the obtained quantities
in the future, the experimental statistics must be increased,
the converted muons must be measured when the set-up of
figure 2 is employed. Although this set-up can be applied
for the search of an efficient way of producing energy, it
can be more useful in the investigation of thin materials.
There are many possible applications of slow negative muons:
among them the most interesting is their use in sensitive non-
destructive elemental analysis. A muon stopped in matter
produces x-rays when it cascades down its level ladder. These
muonic x-rays are easily detectable. They provide a unique
opportunity to perform elemental analysis. To study the
nuclear properties, the combination of a negative slow muon
beam with an ion (Z+) beam is useful, which allows muonic
atoms µZ to be formed. Among such atomic states, the
atomic state which is most difficult to form is the µ+µ− atom,
the importance of which was emphasized by Nagamine [21].
Quantum electrodynamics (QED) can be tested without size
corrections and, furthermore, because of the heavy masses of
positive and negative muons, important effects, such as weak
interaction correction, become highly enhanced. For more
tests, both the normal and 99.7%-ortho deuterium may be
applied in two separate experiments. As shown in table 2,
the intensity of the slow muon beam depends on the type and
density of the stopping layer. These findings may be useful for
experimenters. The present results can be used in the first stage
of data analysis obtained from experiments on thin surfaces of
frozen hydrogen isotopes, where rough estimates are necessary
to calibrate advanced models. The accuracy of the results can
increase when the geometry of media is considered and the
tµ-transport equation is solved. The kinetic model would be
modified by the inclusion of finite media. The next stages of
data analysis require more exact models based on Monte Carlo
algorithms.
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